Introduction {#Sec1}
============

The quasi-variational inequality which is a generalization of the variational inequality problem was introduced first by Bensoussan et al. in \[[@CR3]\] in the context of impulse control problems. The quasi-variational inequalities have many applications in economics, game theory, optimization and other applied sciences. It is well known that the generalized Nash equilibrium problem can be reduced to the quasi-variational inequality problem (see \[[@CR4]\]).

A gap function approach is one of the main tools for solving variational inequalities. Different approaches on gap functions for quasi-variational inequalities have been investigated by various authors \[[@CR5]--[@CR9]\]. On the other hand, by using different dual problems in convex optimization (see \[[@CR10], [@CR11]\]), gap functions for variational inequalities and equilibrium problems have been investigated in \[[@CR1], [@CR2]\]. Specially, in \[[@CR2]\], based on the conjugate duality for optimization problem, some gap functions for mixed variational inequalities, also dual gap functions for the variational inequality and the relation between these functions have been investigated. However, it still remains an open question how the same approach can be extended to quasi-variational inequalities. This paper aims to answer this question by applying duality results from \[[@CR12]\] which deals with minimization of a convex function over the solution set of a range inclusion problem determined by a set-valued mapping.

The paper is organized as follows. Section [2](#Sec2){ref-type="sec"} deals with some preliminary results from \[[@CR12]\]. In Section [3](#Sec3){ref-type="sec"} we consider the duality based approach on gap functions for quasi-variational inequalities. Section [4](#Sec4){ref-type="sec"} is devoted to the investigation of gap functions for mixed quasi-variational inequalities. Finally, some applications dealing with mixed variational inequalities and the generalized Nash equilibrium problems are presented in Section [5](#Sec5){ref-type="sec"}.

Preliminaries {#Sec2}
=============
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Proposition 1 {#FPar1}
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Gap function for quasi-variational inequalities {#Sec3}
===============================================
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Gap functions for mixed quasi-variational inequalities {#Sec4}
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Theorem 1 {#FPar8}
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Proof {#FPar9}
-----
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Remark 2 {#FPar10}
--------
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Remark 3 {#FPar11}
--------
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Special cases {#Sec5}
=============

The generalized Nash equilibrium problems {#Sec6}
-----------------------------------------

The generalized Nash equilibrium problem (GNEP for short) is an extension of the classical Nash equilibrium problem, in which each player's strategy set depends on the rival player's strategies. We refer to \[[@CR14]\] for the excellent comprehensive surveys on theories and algorithms for GNEP. We consider *N* player's game. Each player *k* controls his decision variable $\documentclass[12pt]{minimal}
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Let us define the vector-valued function $\documentclass[12pt]{minimal}
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### Proposition 3 {#FPar12}

(cf. \[[@CR12]\])
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### Proof {#FPar13}
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